
JOURNAL OF
Journalof GeometryandPhysics13 (1994) 378—392 G~U~~~ND
North-Holland PHYSICS

Twistingprocedureon torogonalstructures

JeanTimbeau
Laboratoired’Analysesur les Variétbs, UniversitbPaulSabatier, 118, routedeNarbonne,31062

ToulouseCedex,France

Received8 February1993
Revised19 May 1993

The Cliffordian formalismgivesa naturalsimpleapproachof spin geometrythroughtoro-
gonal structures.The purespinor theory enablesoneto constructexplicitly a torogonallifting
of a certainreductionof a pseudo-Riemannianstructure.Thetwisting procedureintervenesin
thfferentusefulschemesin geometricquantizationwhentheusualKostant—Souriauprocedure
breaksdown.
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1. Introduction

The crucial role playedby spin geometryin Riemanniangeometryproceeds
from the interactionbetweentheoreticalphysicsandgeometry.B. Riemanndis-
engagedthe conceptof manifold endowedwith a generallength elementand
showedthata4-covarianttensor,the so-calledcurvaturetensor,is oneof its fun-
damentalinvariants.Afterwards,Riemanniangeometryappearedasatheorywith
aparticularwealthfor variousreasons.Someof themareconnectedto thedevel-
opment of one of its variants,namely the Lorentziangeometry,which is the
mathematicalframeworkof generalrelativity. But otheronesarepurely mathe-
maticaldueto the generalityandthe powerof thenaturaldifferential tools that
it develops,suchastheLevi-Civita covariantderivation.Onthe otherhand,from
a strictly geometricalpoint of view, thistheorycontainsnaturalexampleswhich
maybe able to supplymodels.Thus in field theory,an importantcriterion for a
Riemannianmanifold to be a reasonablemodel of spacetimeis that it admits
spinors.Theseobjectswere introducedvia a well knownmatricial approachby
Pauli to modelizetheinternalangularmomentof theelectron,the so-calledspin,
andby Dirac to linearizethe Klein—Gordonoperatorin quantummechanics.E.
Cartan’sworks on the group representationsand aboveall Chevalley’s book
broughtthe mathematicaltools which permitteda betterunderstandingof their
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meaningas elementsof representationspacesfor Clifford algebras.
In section2, the consistentuseof theCliffordian formalismwhichreflectsthe

innersymmetriesandbasicidentitiesof theRiemannianstructure,gives a natu-
ral simpleapproachof spin geometryandenablesoneto abandonphysicallysu-
perfluousrestrictionsthroughwhat I proposedto call the torogonalstructures,
whichextendthewell knownspinestructures[1,131.Thegeneralizationconsists
in assumingthat the underlyingmanifold is not necessarilyorientableand its
metrictensorhasageneralpseudo-Riemanniansignature.

Recallthat thefundamentalinvariantof avectorspacewith a quadraticform
is its associatedClifford algebra.The globalizationof this concepton a pseudo-
Riemannianmanifold is alwaysrealizedthroughthe Clifford bundlenotion.On
the otherhand,theglobalizationof the spinoralgebraicconcept,for which spi-
norsareelementsof acomplexvectorspaceof any irreduciblerepresentationof
Clifford algebras,leadsnaturallyto the S.C. structuresnotion introducedby G.
Karrer [10], but requirestopologicalrestrictionson the manifold.But thereex-
istsanotherway for thisglobalizationusingthe lifting of structuregroups[6,7].
For this, weseekto constructliftings of the orthonormalframebundlein relation
to eithera doublecovering(thepinorialgroup) or acentralextensionby the 1-
torus S’ of theorthogonalgroup,from wheretheutilized terminology,namely
the torogonalgroup, in orderto obtainsomeimportantthings,such as pinorial
or torogonalstructuresandconnections.Thesegroupswhichappearin acertain
torogonaldiagramarenot the conventionalonessince theyareexplicitly con-
structedfrom the complexificationof the Cliffordian formalism andthe corre-
spondingpinorial (resp.torogonal)obstructionto suchglobalizationis simpler
thanthe conventionaloneandit is measuredby a degreetwo (resp.three)co-
homologyclassin the second(resp.third) techcohomologygroupH2(M, 12)

(resp.H3(M, 7L)) with 74 (resp.7L) coefficients.TorogonalandS.C. structures
areequivalent,andthe spinorswe constructall comefrom these,as sectionsof
associatedvectorbundles.

Our purposein section3 is to drawattentionto circumstancesunderwhich
torogonalstructuresarisenaturally in thepresenceof acertaindistinguishedre-
duction of theorthonormalframebundleor equivalently,of somemaximaliso-
tropic subbundleof the complexifiedtangentbundle.In this context, we shall
mainlyusethepurespinorconceptof Chevalley—Cartan[2,3]. Sincethe Clifford
productof elementsof anybasisof somecomplexmaximalisotropicvectorsub-
spacegeneratesaminimal left or right ideal, weobtainapurespinortaking the
intersectionof suchobjects.

In section4, sincethe cohomologygroupH’ (M, S’) classifiesthe setof in-
equivalenttorogonalstructures,according to the complexline bundle theory
mainlydevelopedby B. KostantandJ.M. Souriau [12,15], wecantwist thepre-
vioustorogonallifting by anadequateintegralcohomologyclassin orderto find
thedifferentschemesutilized in geometricquantization.



380 J. Timbeau/ Twistingprocedureon torogonalstructures

In section5, wehaveassembledsomeusefulexamples.The previousconstruc-
tion is availableon compatiblealmostcomplexstructureandit is canonicalon
symplecticmanifoldwith respectto anysubordinatealmostHermitianstructure.
We explain why using twisting procedureon torogonalstructuresresolvesall
problemswhich occurin the quantizationof energysurfacesof the harmonicos-
cillator. Finally, using the techniquesof Yano—Ishihara[171, we give someex-
amplestakenfrom mechanicalsystems.

2. Torogonalstructures

Let M be a pseudo-Riemannianmanifold endowedwith anonsingularmetric
Q ofanysignature.Weshallmodel (M, Q) onarealvectorspaceE equippedwith
aninnerproductof samesignatureanddenotedby the sameletterQ. Thebundle
0(M, Q) oforthonormalframesor simply0(M) thenhasstructuregroup0(Q):
thegroupof orthogonalautomorphismsof (IE, Q).

2.1. THE TOROGONALDIAGRAM

We can form the Clifford algebraC(Q) of thepseudo-Euclideanvector space
(IF, Q) asthe quotientof the tensoralgebraof IF by thetwo-sidedidealgenerated
by elementsof the form x®x+ Q(x, x) 1 where xeIE. Its complexification
C(Q)®uC is isomorphicto the Clifford algebraC(Q’) constructedfrom the
complexification(IF’, Q’). Let C*(Q) (resp.C*(Q~))denotethe groupof inver-
tible elementsin C(Q) (resp.C(Q’)).

The complextwistedClifford groupF(Q’) is the subgroupof C*(Q~)consist-
ing of theelementsgwhichsatisfya(g)xg~’elF’ for all xeEE’, whereaisthedegree
involution inducedby —idF. We havethefollowing exactsequence:

~ —~

wherep is the restrictionto T’(Q’) of thecorrespondingtwistedadjointrepresen-
tation of C*(Qf) in C(Q’), and0(Q’) is the complexorthogonalgroup.

The homomorphismN: T’(Q~)~~~C*definedby N(g)=fl(g)g, where ,IJ is the
anti-automorphisminducedby the naturalembeddingof IF’ in the oppositeClif-
ford algebra,is the spinornormmorphism.

Taking the following adequateinverse imageswe obtain the pinorial group
pin(Q)=kerNnp’(O(Q)) and the torogonal group zl(Q)=
N1(S’)np’(O(Q)) which are respectivelya doublecoveringof 0(Q) and
itscentralextensionby the one-dimensionaltorusS’; thus,weget acommutative
diagramof Lie groupswith exactrows andcolumns:
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1 1
‘I,

0l—.S ={±l}— .pm(Q)—~0(Q)-——~I
II

1~ S’ ~4(Q) ~0(Q)~1

s’ = s’
4, 4,
1 1

whereaandö denotethe restrictionof p to pin(Q) and4(Q), andN restricted
toS’ isthesquaringmap2:S’—÷S’/S°=S’.

Another interpretationofthe torogonaldiagramconsistsof identifying the to-
rogonalgroupwith the quotient (pin(Q)xS’ )/S°of theproductpin(Q) XS’
with respectto the diagonalsubgroupS°.Thehomomorphismö (resp.N) is in-
ducedby themapwhichsends(g,z) to a(g) (resp.z2) for gepin(Q)andzeS’.

Taking the compositeof /3with the complexconjugationwe obtain, from the
unitarysubgroupU of C* (Q’) characterizedby /J(g)g=1, the unitary torogonal
(resp.pinorial) group4LT(Q)=4(Q).m U (resp.pinLi(Q)=pin(Q)n U). With
respectto the Cartan—Dieudonnédecompositionof isometriesbelongingto the
direct image

0L
1(Q) =a(pin”(Q)) =~5(AL(Q)), thereis anevennumberof real

negativehyperplanesymmetries.If wespecializeto themodelofspacetimewhere
Mis a four-dimensionalmanifold endowedwith ametric havingsignature(3,
1), then0~’(3,1) is nothingbut thatof the Lorentzorthochronalgroup.

Remarks.Theseconstructionsareavailablefor evenor odddimensionalvector
spaces.The conventionalpinorial groupscan be obtainedfrom the real twisted
Clifford groups.

2.2. TOROGONAL AND PINORIAL STRUCTURES

Definitions. A torogonal(resp.pinorial) structurefor (M, Q) isaprincipal4(Q)
(resp. pin (Q)) bundle 4(M) (resp. pin (M)) together with a map ô:
4(M)—*0(M) (resp.a: pin (M)—~0(M))ofprincipalbundlesequivariantwith
respectto thetorogonalprojectionô (resp.thecoveringmapa). Two suchstruc-
turesareequivalentif thereisa strongbundleisomorphismbetweenthemwhich
intertwinesthe correspondingbundlemaps.

Torogonal and pinorial obstructions. We will usetechcohomologywith coeffi-
cientsin sheavesofnot necessarilyAbeliangroups [5]. Recall that isomorphism
classesof principalbundlessuchthat [0(M)] arerepresentedby elementsin the
sheafcohomologygroupH’ (M, 0(Q)) inducedforexamplebyasystemof tran-
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sition functions of 0(M). From the well known cohomology long exact se-
quencesinducedby the previousexact sequencesof groups,we can definethe
torogonal(resp.pinorial) BocksteinB,~:H’ (M, 0(Q)) —+H2(M, S’) (resp.B~,:
H’(M, 0(Q))—~H2(M, S°))whencethe torogonal(resp.pinorial) obstruction
B~[0(M)] (resp.B~.[0(M)]).

Fromthe cohomologysequenceinducedby the exactsequenceof groups
n~ *

0—~Z-÷C—--’C—*1

wherem(z)=exp(2iirz), anddueto the flatnessof the C-coefficientssheaf,we
havethe following BocksteinisomorphismsB~:H’ (M, C*) -~ H2(M, Z) and
B~:H2(M,C*)-~+H3(M,l).

Henceforth,identifyingS°with Z
2, we shallconsiderthefollowing invariants,

namelythe torogonal (resp.pinorial) obstruction~j=B~,oB~ [0(M)] (resp.
~1~7_—B,’.[0(M)]) inH

3(M,Z) (resp.H2(M,1
2)).

Theorem. Thereexistsa torogonal fresp.pinorial) structureif andonly if the to-
rogonal (resp. pinorial) obstruction vanishes.Inequivalenttorogonal (resp. pino-
na!) structuresare in oneto onecorrespondencewith elementsofH’ (M, S’) -~

H
2(M, Z) (resp.H’ (M, S°)~ H’ (M, Z

2)).

Proposition. Thepinorial obstruction is expresseddirectly in termsof Stiefel—
Whitney classes W7- of any Sylvesterdecompositionof the tangent bundle
TM=TM~TM by theformula ~= W~+ W~.

Proof We assumethe signatureof Q is (r, s) (r positiveandsnegativesquares).
With transparentnotationsandsincethe product0(r) x 0(s) isaretractof 0 ( r,
s) which lifts according to a homotopy equivalenceof the twisted product
(pin(r) xpin(s) )/50 with pin(r, s),the pinorialobstructionis givenin termsof
universalStiefel—Whitneyclassesby

~=aW~ +bW~+c( Wt)
2+dW~W~±f(W~,

wherea, b, c, d,f areconstantcoefficientsin 12 independentof themetric and
rank [9].

Supposethat Q is positivedefinite (s= 0); in theorientedcase(W ~‘ = 0),we
musthavea = 1; in the one-dimensionalcase,sincethepinorial groupwhichco-
incideswith the conventionalpinorial group is equalto 5o~5o any principal
0(1) bundlealwaysadmitsapinorial structure,whencec=0.

If Q is negativedefinite (r= 0), in theorientedcase(W j = 0) we still obtain
b = 1. In the one-dimensionalcasepin(0, 1) = S°~S~,whencef=0; while, in con-
trast,the conventionalpinorial groupis equalto 74, suchthat the corresponding
Bocksteinassociatedto the exactsequence
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0—*l2-—~l4-—~72~

is nothingmorethanthesquareofthe cup-product,whenceheref=1.
In orderto determinethe coefficient d, recall that for any given real vector

bundleIF equippedwith apositivedefinitemetric q, the WhitneysumIF$IF en-
dowedwith aneutralmetricq~( — q) alwaysadmitsconventionalor nonconven-
tional pinorial structure[16b]. Applying this propertywhenr = s= 1, we find
d=0 in thenonconventionalcase,while in the conventionalcasewe musthave
d=1.
Remark.The nonconventionalpinorial obstructionis simpler thanthe conven-

tional onewhichis equalto W~+ W~+ W,~Wj + ( W1-
2).

2.3.CLIFFORDBUNDLESAND CLIFFORDIAN STRUCTURES

The realClifford bundleC(M) of (M, Q) is the real algebraicbundleassoci-
ated to the orthonormalframe bundle0(M) underthe group morphismext:
0(Q)—~Autn(C(Q)),whereext(u) is the naturalextensionof the isometry
uEO(Q) to automorphismofthe standardClifford algebraC(Q), by meansof
the universalpropertyof Clifford algebras.We shall considerits complexified
whosefibre atxeMis the complexifiedClifford algebraCx(M)®uC.

Definition. A Cliffordian structureor so-calledS.C. structure[10] consistsof
somecomplexvectorbundleSt overM togetherwith an algebraicbundleepi-
morphismh of the complexifiedClifford bundleto theendomorphismbundleof
,97; St is calledthe spinorbundle.

Cliffordianobstruction. We shall consideronly evendimensionalpseudo-Rie-
mannianmanifold sothath isan isomorphismandthestandardClifford algebra
C( Q’) is acentralsimplealgebra.Accordingto the algebraicdefinition of spi-
nors,thecomplexvectorspaceS of anyirreduciblerepresentationp of C( Q’) to
S canbechosenas standardspinorsspace.Sinceanyautomorphismof C( Q’) is
aninnerautomorphism,wecanobtainthe exactsequenceof Skolem—Noether

l~C*~GLc(S)-L Autc(C(Q’))—*l

wheref(u)=p—‘ oI(u)op for all uEGLC(S) (the complexlineargroupof 5) and
1(u) (v)=uvu’ for all vegl~(S).If we takethe compositeof the Cliffordian
BocksteinB~with the cohomologicalprolongationof the previousgroupmor-
phismext, wedefinetheCliffordian obstruction

B~oB,loext~[0(M)} inH3(M,7L)
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Theorem. Cliffordian andtorogonalobstructionscoincideso that S.C.structures
and torogonalstructuresareequivalent.

Proof Accordingto the Skolem—Noethertheorem,anyCliffordian rotationcan
be interpretedby means of spinorial rotation or vectorial rotation, so that
fop = ext ço, where~ is thenontwistedadjointrepresentationof C” ( Q’) in C( Q’)
definedby~(g)(t)=gtg’[l6b].

Theorem1. Thereexistsa torogonalstructureif andonly if thepinonialobstruc-
tion is themod2 reductionofan integralclass.

Proof Supposethat ~= 0. Applyingthespinornormmorphismto thetransition
functionsof the torogonalbundle4(M), we obtainthe so-calledtorogonalcom-
plex line bundleN(M) as a principal 5’ bundle.Its isomorphismclassis repre-
sentedby an integralcohomologyclassC1 = ~ [N(M)] in H

2(M, 7). If { Ua} is
an opensimplecoveringof M, let Aap: Ua is U~—~4( Q) be a systemof transition
functionsof 4(M). On the contractibleUa is U~it is alwayspossibleto choosea
well definedsquarerootz~= m(O~)ofthetransitionfunctionsN~4~ofN(M);
puttinggap=z~~)A~p,we obtain 1-cochainsZap, O~,g~taking values in 5’, P,
pin (Q), respectively.

It is clearthatgaplifts thetransitionfunctionsöo4ap of 0(M). Dueto thecen-
trality of 5’ in 4(Q),gapy definedon the nonemptyintersectionU~nU

6rs U~.by
gap~’=gpyg~” gape determinesa tech2-cocyclewhich measuresthe pinorial ob-
struction ~. Considerthecommutativediagramof groupswith exactrows

0—’l---~C ~ C”

1k

0—’ Z—’ 7 74 ~ 1
2 mod2

From the resulting cohomology diagram, it follows immediately that
#~=(mod2)~(C,).

Conversely,if suchaconditionis satisfiedfor anyintegralclassC,, in virtue of
commutativityof the correspondingcohomologicaldiagram,weget

~ _B~GB)-next [0(M)] ~ ~k,1,oB
1,[O(M)] _B~,,ok* ( ‘tl~)

o’ozB~o(komod2)*(C,)_B,~om~o(~.)~(C,)orO

dueto the exactness.

2.4. TOROGONAL AND PINORIAL CONNECTIONS

Dueto thetorogonaldiagram,the torogonalLie algebrasplits as a directsum
of ideals



.5. Timbeau/ Twistingprocedureon torogonalstructures 385

St(4(Q))=St(pin(Q))~iP=St’(0(Q))~iP

andthe differentialof thespinornormmorphismis thetwofold of the projection
of~f’(4(Q))ontoiP.

Definitions. For correspondingstructures,a Euclidean (resp.torogonal (resp.
pinorial))connectionis aprincipalconnectionon the orthonormal0(M) (resp.
torogonal4(M)(resp.pinorialpin(M))) bundle;let ~‘(0(M)) (resp.~(4(M))
(resp. ‘~‘(pin(M))))bethe spaceof all connection1-forms.

Theorem[16b}. Usingtheconceptofmappingsofconnections[11], thedirect im-
age map ôxN: ~(A(M))-*~(0(M))x~’(N(M)) (resp. a cf(pin(M))-~
~(0(M))) isa bijection;anyEuclideanconnectionOe c~0(M))andscalar con-
nectionye~~(N(M)) consideredasa principal connectionon the torogonal line
bundle, lift to torogonal (‘resp. pinorial~ connection xe~‘(4(M)) (resp.
O’e ~(pin(M))) accordingto therelation

t=(Ta)_~oö*(O)+~N*(y) (resp.0=(Ta)_boa*(O))

with the sameformulafor the correspondingcurvatureforms.Recallthat thedif-
ferentialTaof the covering a isa Lie algebra isomorphism and Ô” (0) (resp. a* (0))
is the pull-back of 0 by the corresponding bundle mapô (resp. a).

Remark. Suchaform as ~N*(y) is saidto beapseudo-connectionon 4(M) [8]
andisclosely relatedtotheCliffordianexcess[4].

Fromanypinorial representationpof C( Q’) to astandardspinorspace5, whose
restrictionto4(Q) is irreducible,wecanconstructthepreviousspinorbundleSt
astheassociatedcomplexvectorbundle4(M) x,,S. Then,acovariantderivation
of spinorfields, the so-calledS.C.connection[10], is uniquelyassociatedto any
torogonalconnection.It is possibleto constructa standardHermitianstructure
on S so thatthe direct imagep(4U(Q)) (resp.p(pinu(Q))) is containedin the
unitary (resp.unitaryspecial)groupof S.

Theorem. If thestructuregroup 0(Q) of0(M) is reducibleto QU(Q), oneob-
tainsa Hermitian structure on the spinor bundle, invariant by the torogonalco-
variant derivation.

In the particularcaseof aspacetimemodel,the existenceof atime-orientation
involves theexistenceof a compatibleHermitianstructureon thespinorbundle.

The torogonal integrality criterion. Thereexistsa torogonalstructureifandonly
if there exists a real closed2-form w whose real cohomologyclass satisfies
‘W~=m~( [w/4ir]), identifyingDe Rhamand C’ech cohomologygroups.
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Proof We shallmainlyusethe complexline bundletheory [12,15]. If ~= 0, for
any~E ~(N(M) ), thereis aninvariantHermitianstructureonN(M). Moreover,
a realclosed2-form wcanbe definedon M, suchthat the pull-backof iw by the
bundleprojectionN(M) —~Mis the scalarcurvaturedy of the scalarconnection.
The first ChernclassC1 of the aboveHermitian structureis just the De Rham
cohomologyclass[w/2ir].

Conversely,if sucha conditionis satisfied,[w/2m] is an integralclass;accord-
ing to theintegrality criterionof Kostant—Souriau,thereis a Hermitianstructure
on a complexline bundle such that its first Chernclass is just [w/2m]; then,
~=(mod2)~(C,).

Remark. If the rankof w is maximal,the torogonalcomplexline bundleis anal-
ogousto theprequantumbundleintroducedby KostantandSouriauovera sym-
plecticmanifold.

Examples. Givenapinorial structurepin(M) anda principal 5’ bundleL*, a
torogonal structure can be obtainedas the extension of the fibred product
pin(M) X.~L*,with respectto the group morphismpin(Q) XS’—+4(Q) which

sends(g, z) to zg, likewise, a Euclideanconnectionandan ordinaryconnection
on L* determinea torogonalconnection.The inducedtorogonalline bundleis
the tensorsquareof L*. This constructionis saidto be the amalgamationof a
pinorial structurewith a Hermitianline bundle.

Clearly, anypinorial structurecanbe naturallyextendedto a torogonalstruc-
ture whosetorogonalline bundleis trivial.

3. Torogonallifting of distinguishedreduction

We shallconsideran even(2 n ) -dimensionalmanifoldM endowedwith amet-
ric Q havingsignature(r, s) so that r+s= 2n.

3.1. DISTINGUISHEDREDUCTIONS

The Witt index of Q (resp.Q’) is the commondimensiont (resp. n) of any
real (resp.complex)maximalisotropicvectorsubspaceof IF (resp.IF’); we have
t=n—~Ir—sI.

By meansof the sesquilinearprolongationof themetric Q, definedby the cor-
respondence(x,, x2)—~Q’(x,,~2), the signatureeffect is preserved.By complex-
ification of its elements,therealorthogonalgroup0(Q) whichactson IF’ operates
on the set of complexmaximalisotropicsubspacesof IF’ with transitivetypepre-
servingaction.
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Theorem[I 6b]. The restriction of the previous sesquilinear prolongation to any
maximalisotropic vectorsubbundleP in the complexifiedtangentbundleTM’ is
zero (resp. positive or negative definite according as r> s or r< s) on the vector sub-
bundle PisP(resp. P±)whoserank is constant equal to t (resp.n— t). Such a Sylves-
ter decompositionP= (PisP)~p ± associatedto P bijectivelycorrespondsto the
so-calleddistinguishedreductionOpoftheorthonormalframebundle0(M) tothe
subgroup 0(P) of 0(Q) preserving any fixed model P ofPin FE’.

The neutral (t=n) (resp.definite (t=0)) typecorrespondsto F=P (resp.
PnP= {0}). Thus,it is not necessaryto complexifyarealneutralmetric.

Dueto its matricial form, the isotropygroup0(P) is a semidirectproductof
onenilpotentsubgroup(trivial if t = 0) by adiagonaloneisomorphicto theprod-
uct GL(t, R) x U(n—t) (linearandunitary groups);since0(P) is includedin
the special orthogonalgroup SO(Q), we must supposethat the manifold is
orientable.

Clearly, the orthogonalof the real maximal isotropicsubspace113’ = (Pis~)is IF
is the real (2n—t)-dimensionalsubspace6= (P+I~)isIF andthereexistsacom-
plexstructureon the quotientspace6/113’admittingthe primarydecomposition

(G/FEI)’~(G’/113”)~(P/PnP)~(P/PnP).

Since0(P)leavesP stableas 113’ and6, restrictionto P(resp.Pn~(resp.quotient
operation))yields groupmorphismmd: 0(P)—GL~(P)(resp.the real part.~:
0(P)—~GL~(PisP)(resp.the complexpart ~‘: 0(P)-÷U(6/fl’))), whosedeter-
minantprolongationsatisfies:detoind=(deto ~). (deto ~‘).

The associatedvectorbundleO~x jndP is naturally isomorphicto P, while the
principalbundleOpxIfldGLc(P) is isomorphicto the whole framebundleL(P)
of P. This alsoimplies the existenceof anaturalisomorphismbetweencomplex
line bundles

A P~OpXdet~indC,

wherethefirst is thenth exteriorpowerofF.
The previousBocksteinisomorphism~ sendsthe isomorphismclassof the

prolongation OpXdetindC*, which is just the determinant bundle
detL(P)=L(P)xdetC*of F, to the first complexChernclassC,(P) in H2(M,
7).

3.2. THE TOROGONAL SCISSION

Taking the following inverse images of the isotropy group 0(P) namely,
pin(P)=a’(0(P)) in the evenpart ofpin(Q) and4(P)=ô’(O(P)), weget
a similar inducedtorogonaldiagramso that
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A(P)~(pin(P)xS’)/S°.

Due to the coincidenceon theevenpartof the Clifford algebraC(Q’) of twisted
and nontwistedadjoint representation,for any gepin(P) and xeIF’ we have
a(g)(x)=gxg’, and since 0(P) leaves P stable, then a(g) (P)=P. Let
f=y,y2...y~be astandardisotropicvector [4], wherethe family {y1} (1 <~i~<n)
spansP. Clearly,gfg’ = (detoindoa) (g)f(l).

Consequentlythe spinorgfbelongsat the sametimeto the minimal left ideal
C( Q’) fandtheminimalright idealfC(Q’); accordingto thepurespinorconcept
[2,3], this intersectionis a complexline andthe purespinorgfsatisfiesgt= jif

where~ieC*. Applying the anti-automorphism/3, we have ff3(g)=uf whence
f/3(g) g= pfg,andsincethe pinorialgroupis includedin the kernelof the spinor
norm,we obtainf=pfg.Thereforegt~’ =1u

2f(2). Comparing(1) and(2), we
get (detoindoa)(g)=u2 (3).

We recall thatthe doublecoveringof thecomplexlineargroupGL~(P), the so-
calledcomplexmetalineargroup MLC(P), canbe identified with the set of all
pairs (u, z), where ueGL~(P)and ZEC* satisfy detu=z2 the first projection
p, (u, z) = u is thecoveringmapwhile the secondprojectionP2( u, z) = z is aholo-
morphiccharactersuch that detop

1=(p7)
2.From (3), we can define a group

morphismmd: pin(P)—~ML~(P)by ind(g)=((indoa)(g), ji) which lifts md:
0(P)—~GL~(P).The character~=p

2oind: pin(P)~~~C*satisfies the following
properties:X(e)=ewhereeeS°={±1};x

2=detoindoaandIx~2=Ideto.~°aI.In-
steadof x~we consider2=x/lxi: pin(P)~S’.Since2(e)=i~,thehomomorphism
2: pin(P)~4(P)definedby 2(g)= [g, ~(g)], wherethe squarebracketsindicate
takingequivalenceclassesmodS~,factorsthroughthecoveringa: pin(P)—~0(P)

toyield ahomomorphismi~:0(P)—~4(P),namely~(u) =~(g)for anygepin(P)
such that a(g)=u, which is a right inverse to the torogonal projection ô:
4(P) —p0(P). Thus, ij is nothingbut thatof thedesiredtorogonalscission.

3.3. THETOROGONAL LIFTING

Applying ~ to the transitionfunctionsof the distinguishedreduction0,,, we
obtainthedistinguishedtorogonalstructure

4,,=0,,x,,4(P).

By straightforwardcalculus,wehave

(No~)(u)_~ (deto~)(u).

If Q isdefinite (t =0), thereis no realpart;but,in contrast,whenQis not definite
(t ~0), we specializeto a real orienteddistinguishedreductionwherethe real
linearspecialgroupSL( t, P) replacesGL ( t, P) throughout,so thatwealwaysget
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No~deto‘~6.

Therefore,applyingthe spinornorm to the transitionfunctionsof the toro-
gonallifting 4,,,, we obtainits prolongation4pXp,S’ OpXN,,jS1 OpXc~et~~S.
The distinguishedtorogonal line bundle is nothing more thanthe Hermitian
structureconstructedon the determinantbundledetL(P) with first Chernclass
C,(P).

Theorem.Anydistinguishedreductioninducesa torogonalstructure.

Corollary. Thereexistsa distinguishedspinorial structureif andonly if the co-
homologyclass~C, (F) is integral.

Proof This resultsfrom theorem1.
Thisexistenceconditionis alsoequivalentto theexistenceof a complexmeta-

linear structureregardedas alifting r(P) of the framebundleL(P), whosepro-
longationby meansofthe characterP2 is just the squarerootof the determinant
bundle;the associatedcomplexline bundler(P) x,,,

2C is saidto be the half-P-
form bundleor the so-calledhalf-isotropicvectorbundle.

4. Thetwisting procedure

Now we assumewe aregiven a real orienteddistinguishedreduction0,, to-
getherwith areal closedtwo-formw overM suchthat thereal cohomologyclass
[w/2ir] — ~C,(F) is integral.Accordingto the integrality criterionof B. Kostant
andJ.M. Souriau,we can choosea Hermitianline bundleK* admittingthis co-
homologyclassasfirst ChernclassC, (K*).

Recall that the cohomologygroupH’ (M, 5’) actssimply transitivelyon the
set of inequivalenttorogonalstructureswith the operationof tensorproducton
thesetof spinorbundle.

Applying thegroupmorphismr: 4(P)xS’—÷4(P)definedby r([g, z], z’) = [g,

zz’] forgopin (P) andzeS’,z’eS’, to thetransitionfunctionsof thefibredprod-
uct A,,~)< MK*, we obtaina newtorogonalstructure4~.Applying the characterv:
4(P)—IS’ definedby v[g, z] =z~(g)to the transitionfunctionsof4~,weobtain
aHermitianline bundleL*=4~x ,,S’ whosefirst ChernclassC, (L*) satisfies

C,(L*) = C, (K* ) + C,(F) = [a/2ir] + ~C,(F)

But if we applythe othercharactersat ourdisposal,namelydeto ‘~od andN, to
the transitionfunctionsof4~weobtainas Hermitianline bundles,the determi-
nantbundledetL(P)andthe tensorsquareof the prequantumbundleL~sof
Kostant—Souriau,with first ChernclassC, (F) and2[w/2~]. Wecan summarize
this discussionin thefollowing diagram:
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4PXMK* detL(P)

rJ, det~%~b

L*~ 4W

(~* ~2

‘-‘P ‘. K-SI

Remark. It is well knownthat the complexline bundleL* is the only onethat
maybeacandidatefor a quantumbundlein thegeometricquantizationtheory.

5. Examples

Example1. Givenanorientable,2n-dimensionalRiemannianmanifold,anydis-
tinguishedreductionis nothingmorethanacompatiblealmostcomplexstructure
f (5 2 —id), turningM into an almostHermitian manifold; thecorrespond-

enceassignsto S its eigenbundleP for eigenvalue+ i. The unitary framebundle
isthe reductionof the orthonormalframebundle0(M) from SO(2n) to U(n).

Remark.Note that M=52~~does not admit any compatiblealmost complex
structureif n ~ 1, 3.

Example2. Thesymplecticcase.Let M be a symplectic2n-dimensionalmani-
fold with a nonsingularclosedtwo-form w. since U( n) is amaximalcompact
subgroupof the symplecticgroupSp(w)=Sp(2n,ER), the symplecticframebun-
dle is reducibleto unitary framebundleandthereexistcompatiblealmostcom-
plex structure.1 andsubordinatepositive definite metric Q such that Q(x,,

x2) =w(5x2, x,), the previouseigenbundlePbeingmaximalisotropicandLa-
grangian.Thecomplexpartof the groupmorphismmd lifts to isomorphismbe-
tween pin(P) (resp. 4(P)) and the meta-unitary (resp. toro-unitary) group
MU (n) (resp.4 U( n)), regardedas doublecovering(resp.centralextensionby
5’) of the unitarygroup; the embeddingU(n)—~SO(2n)(resp. U(n)—~Sp(2n,
ER)) lifts to an embedding4U(n)—~4(Q)(resp.4U(n)—~4(w)), where4(w) is
the so-calledtoroplecticgroup as a centralextensionby 5’ of Sp(w) or equiva-
lently, 4(w) = (Mp(w)x5~)/50 whereMp(w) is the metaplecticgroup as a
doublecoveringof Sp(w).Observethat we havethetoroplectic (resp.toro-uni-
tary) counterpartof the torogonaldiagram[81.

Thus,thereexistsasubordinatetorogonal(resp.acanonicaltoroplectic)struc-
ture,admittingacommontoro-unitarystructure.

The canonicalprolongationto 5’ of all theseis justthe determinantbundleof
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M whosefirst Chernclassis nothingelse thanthefirst Chernclassof theunitary
framebundle;moreover,it is independentof the choiceof 5 by homotopicde-
formation. This canonicalclassC, (M, w) in H2(M, 7L) reducesmod2 to the
secondStiefel—Whitneyclass W

2 in H
2(M, 72). The integrality of ~C,(M, w)

anywaycharacterizesmetaplecticstructure,subordinatespinorialstructureand
half-formbundle.

For aKählenanstructureregardedas symplecticstructurewhoseunderlying
almostHermitian structureis Frobenius-integrable,namelythe Nijenhuis tor-
sionoff vanishes,the Levi-Civitaconnectionisbi-Lagrangianandpreservesthe
Hermitian structure [14]. The Kählerian Ricci form Q defined by Q(x,,
x-,)=Ric(x,, 5x

2), whereRic denotesthe Ricci tensor,is relatedto the canoni-
calclassby

C,(M,w)=[Q/2m}

Example3. The harmonicoscillator. In the geometricquantizationof energy
surfacesof the n-dimensionalharmonicoscillator,we considerthe complexpro-
jective spaceM=P~—‘ (C) asits reducedphasespace.Sinceit is anEinsteinKäh-
lerianmanifold, we canchoosethepositivegenerator[w/2m] of H

2(M, 7) in
such a way that Ric=nQ, whenceQ=nw andthen C,(M, w)=[nw/2ir]. For
odd n, ~C,(M, w) is half integralandthe secondStiefel—Whitneyclassis non-
zero;therefore,the conventionalKostant—Souriauquantizationprocedurebreaks
down. To apply theprevioustwisting procedure,we must find, for instance,a
symplecticform ew suchthat

[ew/2ir] — ~C,(M, w) = [(e— ~n)w/2m]

is integral;the requirementecl~l+ ~n isnothingbut thatof theSchrödingerenergy
levels.

Example4. Mechanical systems. For any given n-dimensionalconfiguration
spaceVwe considerthe statespaceM= TV insteadofthe phasespaceT* V, en-
dowedwith akineticenergyfunctionTwhoseverticaldifferentiald~.T,which is
the pull-backof the Liouville form underthe associatedLegendretransforma-
tion,determinesan exactsymplecticstructurew=dd,~Tif the systemis regular.

Thediagonallifting [17] ofanyRiemannianmetricgon V with respectto the
correspondingLevi-Civita connectionis a Riemannianmetric Q on M subordi-
nateto an almostKählerianstructure,which is Kählerianif andonly if V is lo-
cally Euclidean.In suchcases,thetwisting procedureis possibleif andonly if
W

2(TV)=0,or accordingto [l6a] if andonly if W,(V)
2=0, where W,(V) is

thefirst Stiefel—Whitneyclassof V.
The horizontallifting [17] of anypseudo-Riemannianmetricg on V with re-

spectto anyEuclideanconnectionis aneutralpseudo-Riemannianmetric Q so
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that the doubletangentbundleis theWhitneysumof the verticalandhorizontal
distributions.The twisting procedureis alwayspossibleandthe resultingquan-
tumbundleis the tensorproductof the trivial HermitianstructureTVxS’with
connectionid~T+dz/zby the half-vertical-formbundle,which is trivial if V is
locally pseudo-Euclidean.

Forexample,consideringa freechargedrelativisticparticlemovingin exterior
gravitationfield (V, g), where Vis the spacetime,andsubjectedto electromag-
netic field p~(dA)(resp.p’~.(E)), namelythe pull-backof thepotential 1-form
A on V (resp.realclosed2-formE on V) by thebundleprojectionp~:TV—p V, the

Lorentz equationscan be obtained by means of the symplectic structure
we=ddvT+eP*v(dA) (resp.w~=ddvT+ej4.(E)), wheree is the charge. The
twisting procedureis always(resp.if andonly if the realcohomologyclass [eE/
2~]is integralin H2( V, ER)) possible.

NotethattheRobertson—Walkercosmologicalmodelscertainlysatisfythevan-
ishingconditionof thetorogonalobstruction.
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